Multi-Higgs models equipped with global symmetries produce scalar dark matter (DM) candidates stabilized by the unbroken symmetry. It is remarkable that a conserved CP symmetry can also stabilize DM candidates, provided it is a CP symmetry of order higher than two. CP4 3HDM, the three-Higgs-doublet model with CP symmetry of order 4, is the simplest example of this kind. It contains two mass-degenerate scalar DM candidates ϕ andφ, each of them being a CP4 eigenstate and, therefore, its own antiparticle. A novel phenomenological feature of this model is the presence of ϕϕ ↔φφ conversion process, which conserves CP . It offers a rare example of DM models in which self-interaction in the dark sector can significantly affect cosmological and astrophysical observables. Here, we explore the thermal evolution of these DM species in the asymmetric regime. We assume that a mechanism external to CP4 3HDM produces an initial imbalance of the densities of ϕ andφ. As the Universe cools down, we track the evolution of the asymmetry through different stages, and determine how the final asymmetry depends on the interplay between the conversion and annihilation ϕφ → SM and on the initial conditions. We begin with the analytic treatment of Boltzmann equations, present a detailed qualitative description of the process, and then corroborate it with numerical results obtained using a dedicated computer code. Finally, we check if the model can produce an observable indirect detection signal.
I. INTRODUCTION
Many astrophysical and cosmological observations offer a compelling evidence of the existence of Dark Matter (DM) [1, 2] . From the particle physics perspective on DM, the main paradigm is to assume that the DM candidate is stable on cosmological time scales, cold, i.e. non-relativistic at the onset of galaxy formation, non-baryonic, neutral, and weakly interacting, and that its relic abundance is obtained via thermal freeze-out in the early Universe, see e.g. [3] for a review. Such particles are absent in the Standard Model (SM). Together with the absence of an equally compelling evidence for scattering of DM on nuclei [4, 5] or for astrophysical signals which would unequivocally confirm DM annihilation processes [6] , it motivates the vast field of building models beyond the SM which include DM candidates.
One popular class of such models is represented by symmetry-based multi-Higgs models, in which DM candidates arise naturally [7, 8] . If a model features inert scalars -that is, fields not involved in generation of masses of gauge bosons or fermions -and if the inert scalar sector transforms non-trivially under a new global symmetry, which remains unbroken upon minimization of the scalar potential, then the lightest inert scalar is automatically protected against decay and serves as a DM candidate. One of the simplest and actively studied examples is the Inert Doublet Model (IDM), the version of the two-Higgs Doublet Model (2HDM) with the exact Z 2 global symmetry [9] [10] [11] [12] which leads to interesting astrophysical and collider signatures [13] [14] [15] [16] [17] .
Scalar DM models with more than two Higgs doublets have also attracted much attention. In particular, within three-Higgs-doublets models (3HDMs), one can incorporate several global symmetry groups [18, 19] , which lead to a variety of options in DM model building [20] [21] [22] [23] . It is interesting to remark that in almost all multi-Higgs models it is extremely difficult to probe and constrain self-interaction within the dark sector. It can be rather strong and can bear certain patterns, but usually it does not affect the DM relic density nor can it be probed through the direct or indirect detection experiments, see for example a detailed analysis in the case of IDM [24, 25] .
In [26] , another 3HDM was described, in which the only symmetry imposed was the CP symmetry of order 4 (CP4). It is the first model featuring such a novel, physically distinct [27] form of CP symmetry without producing any additional accidental symmetries. If CP4 remains unbroken after minimization of the Higgs potential, the model leads to a pair of mass-degenerate scalar DM candidates, which are stabilized, remarkably, by the CP invariance in the scalar sector. The first discussion of the qualitative features of the DM sector in CP4 3HDM was given in [26, 27] . A more detailed quantitative insight into the DM evolution was given in [28] .
In this paper, we present a qualitative and quantitative exploration of another aspect of DM in CP4 3HDM -its evolution in the asymmetric DM regime. The thermal evolution of asymmetric DM has been the subject of numerous studies, see [29] [30] [31] [32] and references therein. The main idea is that, at some point in the thermal history of the Universe, an asymmetry between DM particles and antiparticles was created, probably along with the baryon asymmetry of the Universe. Then one has two main options. If the DM particles ϕ are associated with a new conserved global or gauge U (1) charge, then the asymmetry n ϕ − nφ remains unchanged in the later evolution, which typically leads to an almost complete domination of DM particles over antiparticles. In terms of the relative asymmetry δ defined as
this regime corresponds to δ → 1 at present. A typical feature of these models is a very suppressed or absent present-day annihilation signal. If the DM antiparticles have already died out, the DM particles cannot annihilate anymore. Another possibility is that there exists a novel interaction which violates the DM number conservation. If such violation is present in the quadratic terms, it will induce oscillations between DM particles and antiparticles and will tend to wash out surviving asymmetry, unless the oscillations are extremely weak [33] [34] [35] . We show in this paper that the asymmetric DM evolution in CP4 3HDM has characteristic features which lead to a richer list of options. The lightest inert particles in CP4 3HDM are ϕ ≡ ϕ * |0 andφ ≡ ϕ|0 , which have equal masses but which are not particle and antiparticle of each other. Each of them is an eigenstate of the CP symmetry, since the conserved symmetry CP4 acts on the complex fields ϕ and ϕ * as
see more details in Appendix A. Thus, the asymmetric DM regime in CP4 3HDM is not directly related to the particle-antiparticle asymmetry. It is rather an asymmetry between two sorts of mass-degenerate complex fields.
Having said that, we admit that it is easier to discuss the properties of ϕ andφ by calling them particle and antiparticles, respectively. This is a language abuse, but we will stick to it in this paper. We stress once again that, despite using this language, we recognize that ϕ andφ are their own antiparticles.
The transformation law under CP4 given by Eq. (2) allows us to label the two particles not with CP parities but with CP charges q defined modulo 4. This CP charge protects them against decay and against ϕ ↔φ, as well as against annihilation ϕϕ → Z.
1 However, the scalar potential contains terms that induce the conversion process (see the Appendix for the conversion cross section):
which is well compatible with CP charge conservation: +2 is equal to −2 modulo 4. Therefore, although the DM oscillations are forbidden,φ's can still be regenerated in ϕ-dominated Universe, pick up a ϕ and annihilate into SM fields. Notice that this conversion is governed exclusively by the quartic self-interaction in the DM sector.
The relative intensity of the conversion and annihilation processes will affect the present day relic asymmetry as well as the total DM abundance. Depending on the parameters of the model and on the initial asymmetry 2 , the outcome of the thermal evolution may be almost fully symmetric, almost total asymmetric, or partially asymmetric. We will trace the boundary between the extreme regimes, link the final asymmetry with its primordial value, and investigate the prospects of the indirect detection signal in these regimes. Thus, this model offers a rare example where self-interaction in the DM sector does significantly affect the cosmological observables. The structure of the paper is as follows. In Section II we write down Boltzmann equations and discuss the qualitative features of their solutions. We show that, starting from the relatively low values of x ≡ m/T ∼ 1, the relative asymmetry δ first drops (depletion stage), then steadily grows (recovery stage), and either approaches unity or flattens at some value. In Section III, we corroborate these results with the numerical analysis performed by means of a dedicated evolution code. Then, in Section IV, we estimate the annihilation signal in various regimes, and finally we draw our conclusions. The appendix provides some details of CP4 3HDM and the properties of its DM candidates.
II. ASYMMETRY EVOLUTION: QUALITATIVE ANALYSIS
A. Boltzmann equations The evolution of particles ϕ andφ (which, in abuse of language, will often be called below particle and antiparticle) in the homogeneous and isotropic expanding Universe is described by a system of coupled Boltzmann equations
where the factor 1/4 is introduced for future convenience. In these equations, Y andȲ denote the number density in the comoving volume of ϕ andφ, respectively. For the sake of brevity, from now on we refer to these quantities as "densities", except for Section IV, where we will need to deal with physical number densities. The dot above a symbol denotes the derivative with respect to x, e.g.Ẏ ≡ dY /dx, where x = m/T , m is the mass of ϕ and T is the temperature of the plasma. Eqs. (4) explicitly mention the x dependence of the parameters; of course, Y andȲ , being variables, also depend on x, which is implicitly assumed in all equations. Y eq (x) is the equilibrium density at given x of both ϕ andφ in the ϕ/φ symmetric plasma. In an asymmetric situation, the actual equilibrium densities of ϕ andφ differ but their product is still equal to Y 2 eq . Finally, A(x) and B(x)/4 denote the intensities of the annihilation ϕφ ↔ SM and conversion ϕϕ ↔φφ processes, respectively. The first one is determined as follows
where g denotes the number of relativistic degrees of freedom at the moment x, M Pl is the Planck mass, and σv SM is the total velocity-averaged cross section of all interactions that turn ϕ andφ into SM particles. A similar expression holds for B(x), where one uses the corresponding velocity-averaged cross section σv conv instead. Notice that A(x) and B(x) are expected to show distinct x dependences. In the case of s-wave annihilation of slow DM particles into lighter SM fields, σv SM (x) ≈ const. For the ϕϕ ↔φφ conversion process, due to m ϕ = mφ, it is the cross section σ conv that is approximately constant, see Eq. (A13). Thus, taking into account the relation between the average velocity and temperature [37, 38] , the velocity-averaged cross section is σv conv = σ conv v = σ conv · 2/ √ πx. Finally, we arrive at the following expression
Neglecting the slow change of g with x, one can get the following approximation
which shows that the relative importance of the conversion process to annihilation to SM fields decreases as x grows. Let us now split the two densities into the symmetric and asymmetric contributions:
Here, Y t stands for half the total density of ϕ andφ, which we will call for brevity just the total density, ∆ stands for half their difference, while δ quantifies the relative amount of asymmetry between ϕ andφ. The fully symmetric case corresponds to δ = 0, while the complete asymmetry implies δ = 1 or −1. For concreteness, we will assume that ϕ dominate overφ so that the asymmetry is always non-negative. By taking the sum and the difference in (4), one can recast these equations into evolution of Y t and ∆:
One sees that the conversion process washes out the absolute value of the asymmetry. However, since the total density also drops, the evolution of the relative asymmetry may be quite sophisticated. To describe it, we further recast (9) into equations for Y t and δ:
The last equation can also be explicitly expanded aṡ
One observes that there are several competing terms inside the brackets of (11). Thus, the relative asymmetry can grow, decrease, or change the regime during the x evolution. It is this evolution that we will investigate below.
B. Qualitative analysis without conversion
Before presenting numerical results, let us discuss the expected qualitative features of the x evolution of the relative asymmetry. We begin with the case when no conversion takes place, B(x) = 0. In this case the evolution of the relative asymmetry δ can still be non-trivial, since the bracket in Eq. (11) can, in principle, change sign. Although the main features of the evolution are well known in this case, see e.g. [29] , we outline them to set up the notation.
Suppose one starts at x = x 0 = O(1) with a non-zero initial δ 0 and some initial density Y t0 . These initial conditions, δ 0 and Y t0 , must be considered as free parameters, since the origin and the amount of the primordial asymmetry go beyond CP4 3HDM and need to be derived from a theory at a higher mass scale, which simplifies to CP4 3HDM at the electroweak scale.
At first, when x is well below the freeze-out point for Y t , the total density Y t quickly approaches the equilibrium density Y eq / √ 1 − δ 2 , either from above or from below, depending on δ 0 and Y t0 . In particular, if we start with δ 0 close to 1 and Y t0 ∼ Y eq , we can see a brief drop in δ due to a momentary increase of Y t . This equilibration episode, which is driven by the choice of the initial conditions, will be quickly taken over by the steady growth of δ.
The subsequent evolution of δ can be deduced directly from (10) . If δ 0 1 and δ stays small during thermal evolution, then, well before the freeze out, Y t ≈ Y eq and is approximately determined by the MaxwellBoltzmann distribution:
Plugging this into the second equation in (10) one immediately getṡ
For values of x 10, it further simplifies toδ ≈ δ and results in a very simple dependence:
If δ still stays small during this entire evolution until the freeze-out point for the total density x = x f , one obtains the growth factor of the order of exp(x f − x 0 ). After the freeze-out for the total density, Y t reaches a plateau, and Y eq /Y t quickly drops and can be neglected. If δ is still considerably less than 1, the first equation in (10) can be explicitly integrated and one gets
In the last passage here, we took into account that the extra term in the brackets is typically O(10) 1. Just like in the usual symmetric case, the freeze-out moment x f ∼ 25 is set by the observed relic density. Since ∆ = const in the absence of conversion, we have δ ∝ Y −1 t , and the late-time value of the asymmetry δ ∞ grows from δ(x f ) by the same factor as in Eq. (15) . Thus, it is not guaranteed that δ eventually reaches unity: if the initial value δ 0 was sufficiently small, δ can stay small throughout the entire freeze-out process.
It may also happen that δ, being initially moderately small, grows close to unity during the above evolution. In this case, the 1 − δ 2 factor in (10) changes the dynamics of Y t and shifts the freeze-out moment x f to earlier times. One can estimate the moment when δ approaches unity and the total density effectively freezes out. For that, we restore the non-zero δ and, during the thermal equilibrium stage, write the total density as
The ratioẎ t /Y t will now contain contributions not only from Y eq but also from δ. Substituting it again in the second equation of (10) and omitting the 3/2x term for simplicity, we obtain after some algebra:
Integrating the above equation, we get
which shows how δ(x) approaches unity. For a rough estimation, let us define the freeze-out moment for the total density as the moment at which δ = 0.99. We then obtain
where for definiteness we set the initial moment x 0 = 1. We see that any sizable initial asymmetry δ 0 > 10
shifts the total density freeze out to x f 22, which is earlier than in the symmetric case. Notice that the moment x = x f only settles Y t ≈ ∆ in the case of the early freeze-out, while the density of antiparticles and, therefore, δ keep evolving. In this regime, the relevant variable is not δ itself, but the relative amount of antiparticles:
For x > x f , it still keeps decreasing exponentially, r ≈ 5 · 10 −3 exp[−2(x − x f )], and it settles to r(∞) only when the evolution departs from thermal equilibrium. The evolution equation for r 1 takes the following formṙ
Solving it and analyzing the solution with Laplace's method keeping in mind that a∆ 1, one finds that r begins flattening out around x ∼ x r = √ a∆, and its asymptotic value is exponentially suppressed as
where c is the prefactor in the equilibrium density, Eq. (12).
It is important to appreciate that the value of Y t (∞) ≈ ∆ and the parameter a are not related anymore as it was in Eq. (15) . One can, for example, consider the annihilation cross section parameter a much larger than what is typically needed for a given mass in the symmetric DM scenario for the same mass. The final total density will still be very close to 2∆, but the relative contribution of antiparticles will be strongly suppressed according to (21) . , and x f is the point at which the total density freezes out. The scales are approximate.
Let us now include the conversion process, B(x) = 0. Its role is to wash out asymmetry, and the question is whether this washing out is sufficiently strong to modify the dynamics of the asymmetry. Since the conversion process is determined by a combination of quartic self-coupling constants in the dark sector, see the Appendix, this situation is the rare example of DM model where interactions in the dark sector have strong impact on the cosmological observables.
The first observation is that the conversion process may lead to a pronounced depletion of the asymmetry at the early stage of evolution. The entire thermal history of the asymmetry may now have three distinct stages: depletion, recovery, and flattening, schematically shown in Fig. 1 .
If, during the depletion stage, the two processes are of the same intensity, B ∼ A, the B(x) term in (11) strongly dominates and forces δ to sharply decrease all the way to the freeze-out moment, skipping the recovery stage and leading to a vanishingly small final asymmetry. If one wants the asymmetry to recover, one must assume that B is not only smaller, but significantly smaller than A. Indeed, during the depletion stage, the coefficient A stands in front of 1
1, and the conversion process competes with this strongly reduced annihilation. As x grows, δ decreases and Y t starts to depart from Y eq . The coefficient 1
steadily grows until the moment x = x * when the bracket in (11) changes sign, δ reaches its minimum value δ * , and the recovery stage begins. As long as δ stays small Y t ≈ Y eq , one can explicitly integrate the second equation in (10) to obtain the following behavior:
To keep the expressions compact, we introduce hereM Pl = 45/gπ 7 M Pl , which differs from the commonly used M * Pl defined through the relation
Assuming that g ∼ 100 and does not change substantially during the thermal evolution, we estimateM Pl ≈ 10 −2 M Pl ≈ 10 17 GeV. Finally, E 1 (x) is the exponential integral defined as
which can be approximated by E 1 (x) ≈ e −x /x already for moderately large values of x. The depletion and recovery stages arise from the interplay of the first two terms in the exponential of Eq. (22) . At moderate values of x, the sharply decreasing second term drives δ down. We highlight here the fact that the magnitude of the drop in δ is exponentially sensitive to the value of the conversion cross section. When this drop flattens, the growing first term takes over and leads, in the recovery stage, to a steady growth of δ similar to Eq. (14) .
The position of the minimum x * can be read off Eq. (22) . Neglecting the slowly varying ln(x/x 0 ) term, one obtains a transcendental equation for x * :
To the logarithmic accuracy, we can estimate the solution as
We could get the same expression just by looking at the moment when the absolute value of the asymmetry ∆ freezes out, analogously to the common freeze out of the DM density in the symmetric case 4 . Indeed, during the recovery stage, the conversion process effectively switches off, and it happens slightly after x * . The value of ∆ at this point can be estimates as
where we neglected E 1 (x * ) E 1 (x 0 ) for x * 3. The subsequent evolution depends on the value of δ at this moment. If δ stays small, one expects approximately the same exponential grows of δ as in Eq. (14) . At x = x f , the moment of freeze-out for the total density, δ increases with respect to δ * by the factor exp(x f − x * ). If δ still remains small at this moment, the flattening stage unfolds, during which δ experiences an additional residual increase by the same factor as in Eq. (15) . Alternatively, if δ approaches unity, then the antiparticle contribution dies out similarly to the previous case, with ∆ being effectively frozen at x ≈ x * .
D. Locating the boundary
We showed above that there are two extreme regimes: weakly asymmetric, with the final δ 1, and strongly asymmetric, when δ ≈ 1 and r 1 at the end of thermal evolution. Let us now locate the boundary between the two regimes.
We see that the stronger is the conversion cross section σ conv , the more pronounced is the drop and the later asymmetry begins to restore. If this happens rather close to the total density freeze out, the asymmetry does not have enough time to recover to any considerable value. One can estimate the value of σ conv which can lead, starting from a small initial δ 0 , to a considerable asymmetry around the total density freeze out. One just needs to extend Eq. (22) all the way to x f and require that the final result be of order 1:
Notice that we neglected here E 1 (x f ) with respect to E 1 (x 0 ). For x 0 = 1, δ 0 = 0.1 and x f ∼ 20 ÷ 30 we numerically obtain x * ∼ 3. It confirms that the conversion interaction should freeze out relatively early compared to the total density freeze out, in order for a sufficient asymmetry to survive at the end. Next, using Eq. (24), we can recast this condition into an upper bound of the conversion cross section:
For the value of x * , obtained above, and for m ∼ 100 GeV, this relation gives σ conv 10 −17 GeV −2 . Comparing this result to the typical velocity-averaged cross section of the interaction between WIMPs and SM particles needed to reproduce the correct relic abundance σ SM,0 = 2.5 · 10 −9 GeV −2 , one sees that the conversion cross section has to be about eight orders of magnitude smaller. Within CP4 3HDM, the cross section of the conversion process ϕϕ ↔φφ is given by Eq. (A13). Thus, the upper bound on the conversion cross section (28) can be rewritten as an upper bound on the quartic coupling:
Note, however, that this constraint becomes less severe if the initial asymmetry is generated at larger values of x 0 > 1, see also discussion in Section III. We conclude that the exact bound on λ conv is very sensitive to the moment x 0 and cannot be predicted purely within CP4 3HDM. If the value of σ conv is small compared to the upper bound (29) and δ 0 is not vanishingly small, then δ approaches unity during the recovery stage, which modifies the freeze-out moment x f shifting it to smaller values. The relic density in this case is determined by the value of the absolute asymmetry ∆ * at the moment of the effective decoupling of the conversion processes, which also sets the relic density:
This result is interesting for two reasons. First, similarly to the asymmetric case without conversion, we see that the relic density does not depend on the value of σ SM , given that it is not extremely small so that the symmetric freeze out would occur later than the asymmetric one. Second, from the model-building perspective, the presence of the conversion brings more parametric freedom, since the value of the relic density is not fixed by the initial conditions. In summary, depending on the strength of the conversion process, we expect to observe two distinct regimes. For sufficiently weak conversion, with the bound (29) satisfied, one expects that the initial asymmetry, evolving through a depleted intermediate stage, will recover by the freeze-out moment x f and can eventually grow to values close to unity. The resulting relative contribution of antiparticles can be extremely small if the annihilation into SM is effective so that the parameter a∆ * is large enough, see Eq. (21). For a stronger conversion process, the recovery is only partial. Even if the conversion process by itself is very weak at the moment of freeze-out x f , it was stronger at earlier times and it shifted the position of the minimum x * to larger values. As a result, δ did not have enough time to grow to unity, and its final value can be rather small.
III. ASYMMETRY EVOLUTION: NUMERICAL ANALYSIS
Though there are several available codes for numerical computation of the relic abundance, including micrOMEGAs [40] , DarkSUSY [41] and MadDM [42] , none of them is capable of handling asymmetric DM models with particle-antiparticle conversion processes. For that reason we have developed our own C++ code.
We use two different integration methods at different stages of the thermal evolution: the implicit Euler method for x ∼ 1 ÷ 20 and the classical Runge-Kutta method (RK4) for x ∼ > 20. While the latter method has a better precision O(t 4 ) for a given integration step t, it fails to provide adequate solutions when the total density Y t is extremely close to the equilibrium density Y eq . The backward Euler method is the simplest implicit method, which manages to solve the system (9) in this stiff regime. The global truncation error for this method is O(t), so one has to use very small integration steps to get sufficient precision. In order to validate the solution obtained with the backward Euler method, we applied the implicit midpoint method, which has an accuracy O(t 2 ). For t 10 −3 , the results of these two methods are consistent up to O(t). We also compared our results in the symmetric case and in the absence of the conversion interaction to a simple freeze-out analytic approximation of the relic density [39] 
and to the results of micrOMEGAs. As an example, for m = 250 GeV and σ 0 = 9.8 · 10 is much larger than σv conv , the last parameter in the list affects the asymmetry evolution the most, so our main goal is to study its variations. When implementing the evolution of asymmetric DM, we need to fix the initial conditions: that is, we need to select the starting point x 0 and select the initial total density Y t0 and the initial asymmetry δ 0 . Our default choice is x 0 = 1, δ 0 = 0.1 and Y t0 = Y eq . This initial choice brings us from the start sufficiently close to equilibrium for the total density evolution. As a stability check, we also performed runs in which δ 0 = 0.1 but the initial total density was chosen to be 10Y eq and 100Y eq , which are very out-of-equilibrium situations. In all the cases, we observe (see Fig. 2 ) that the total density approaches the equilibrium density very fast, within ∆x 1. This quick equilibration of Y t also produces the very sharp jump of δ to the vicinity of one; although the three curves at the lower plot of Fig. 2 looks as if starting from different values of δ, the initial value in all of them is δ 0 = 0.1. The small discontinuity of the curves visible in Fig. 2 at x = 1.25 is the artifact of our code, in which the number of relativistic degrees of freedom g changes discretely with x and one of these jumps takes place at T = 200 GeV. This is the only plot, where the minimal step between points in the interval x = [1, 2] is taken to be 10 −3 to show in detail the transition from the initial state to the equilibrium. Fig. 3 shows the main feature we discussed above: the x evolution of the absolute asymmetry ∆ and the relative asymmetry δ as well as the modifications induced by the conversion process ϕϕ ↔φφ. One sees that when λ conv is sufficiently small (red curve), the asymmetry first drops but then quickly restores to unity, and the relic density freezes out at values of x smaller than the typical symmetric DM value x ≈ 25. For λ conv ≈ 10 −5 (yellow curve), the minimum gets deeper, nevertheless the asymmetry fully recovers at later stages, around x ≈ 30. This is the boundary value at which the recovery completes just in time when the total density freeze out takes place. For larger values of the conversion coupling (green curve), depletion of the asymmetry is more intense and extends to slightly larger values of x. The recovery stage starts with a much lower value of δ and it does not reach unity by the moment, when the total density freezes out. There is some residual growth of δ in the flattening stage, but the final value of δ(∞)
1. Taking λ conv to be twice larger than the boundary value (magenta curve) induces conversion effects so strong that they irreparably wash out the asymmetry. Also note that the left part of Fig. 3 shows very nice correspondence between the numerical results and analytical predictions for the recovery stage, described by Eq. (14) .
In Fig. 4 , left, we show the role of the starting value of the asymmetry δ 0 at x 0 = 1 for the fixed conversion strength λ conv = 10 −5 . One can see the neat proportionality of the curves, which confirms the results of the qualitative analysis: during each stage, the value of asymmetry δ drops or increases by certain factor, unless it approaches unity. This proportionality is driven essentially by the fact that dδ/dx is proportional to δ itself.
These three plots, Figs. 3 and 4, illustrate our main conclusion: in order for the asymmetry to get restored close to 100%, one needs to select not too small δ 0 and not too strong λ conv . Both of these values are the free parameters of the model, and Fig. 4, right, demonstrates the boundary between the two regimes on their plane.
The exact boundary, of course, depends on the moment x 0 at which certain initial asymmetry δ 0 is postulated. In all plots so far we assumed that x 0 = 1. If the asymmetry is generated at smaller temperatures (larger values of x 0 ), then the asymmetry can get fully restored even in the presence of more intense conversion process. This dependence is rather sharp and can be observed already in Fig. 4 
IV. INDIRECT DETECTION
In the classical symmetric DM scenario, the single process -DM annihilation into the SM fields -determines, albeit in different kinematics, both the relic abundance and the possible indirect detection (ID) signal, which may be observable today. In the asymmetric DM scenarios, this relation is looser. In particular, in the highly asymmetric case of CP4 3HDM, even if there remains a vanishingly small amount ofφ after freeze-out, it can be regenerated later via ϕϕ →φφ conversion, and only then annihilate to the SM fields. In this Section, we investigate whether this two-stage process can produce an observable ID signal.
Let us assume that the relic abundance ofφ is much smaller than the abundance of ϕ. Then, in the cosmologically modern epoch, the evolution of the local density ofφ is given by the following equation
It is implicitly assumed that all the quantities in Eq. (32) including the velocity-averaged cross sections can be spatially dependent. The density of ϕ can be considered as approximately constant in time. Indeed, even if we consider symmetric DM in very dense regions, such as DM cusps at the centers of galaxies, where the density can be up to ρ ∼ 10 3 GeV/ cm 3 , and take the maximal value of σv SM ∼ 10 −20 cm 3 / s allowed by the unitarity bound for m ∼ 100 GeV, the characteristic timescale of annihilation τ = (n σv SM ) −1 would be around 10 3 Gyrs, which already exceeds the lifetime of the Universe by two orders of magnitude. Our aim is to understand whether this large and essentially constant amount of DM can lead to efficient conversion and observable ID signal.
Taking into account our assumption, we can easily solve Eq. (32) forn:
Here,n 0 is the remaining density of antiparticles after the freeze out, which can be extremely low as it is exponentially sensitive to the cross section of annihilation into SM, Eq. (21) . The time t is of the order of the Universe's lifetime, t ≈ 10 Gyrs, and it is much smaller that τ . This allows us to simplify the solution for r ≡n/n to
Notice that σv conv is calculated here in the present cosmological epoch. Due to its proportionality to the relative velocity, it is roughly two to three orders of magnitude smaller than it was at the freeze-out time (the exact value would be sensitive to the details of the DM velocity distribution in galaxies). The bracket here can have either sign, depending on r 0 , the relative amount ofφ after the freeze out, and on the ratio of the two cross sections. Consider first the case when the sign is negative, which can happen if r 0 is not negligibly small. It corresponds to the evolution scenario where the relative amount ofφ was initially fixed at the level of Eq. (21) after the freeze-out process, but then, in the structure formation epoch, the annihilation gradually switched back on, leading to further depletion ofφ's and producing ID signal. In this regime, the amount ofφ does not change much during the lifetime of the Universe: r(t) ≈ r 0 , and the conversion process does not play any role in forming the ID signal. The annihilation rate per unit volume is given by
We now compare this with the rate of annihilation in the conventional symmetric case, which we write as γ sym = n 2 σv SM,0 , with σv SM,0 ≈ 10 −26 cm 3 / s being the commonly adopted value of the velocity-averaged cross section that yields the correct value of the DM relic abundance. Here we would like to stress again that the relic abundance in the asymmetric scenario does not necessarily depend on σv SM . Thus the value of σv SM can be larger than σv SM,0 mentioned above and still be compatible with the observed relic abundance. Neglecting the possible difference in the spatial distribution of the annihilation signal that could appear in the presence of conversion, we get a simple expression
Can this ratio be larger than 1? Naively, one may think of the situation when r 0 is only moderately small, while the SM annihilation cross section is much higher in our case than in the symmetric DM scenario. Unfortunately, this situation is not possible. The value of r 0 , which is the same as r(∞) in Eq. (21), does depend on the SM annihilation (parameter a) in a very essential way. By increasing σv SM with respect to σv SM,0 , one would strongly suppress r 0 , deteriorating the ID signal. One can also consider a different regime, when r 0 is extremely small due to a rather large annihilation cross section. Then, the sign of the bracket in Eq. (34) is positive. This is a novel scenario, in which particlesφ, whose amount was vanishingly small after the freeze-out, are being regenerated in the present cosmological epoch. To consider the extreme case, we set r 0 → 0 and obtain
In this regime, the ID signal is time-dependent; it is predicted to be stronger now than during the structure formation epoch. However, its absolute value is even lower than in the previous case. An order-of-magnitude estimate for the values mentioned above gives
The bottom line is that, for a very broad range of velocity-averaged conversion cross sections, the signal from dense DM regions in the asymmetric case is suppressed by many orders of magnitude compared to the symmetric DM scenario. Due to the strong constraints on the efficiency of the conversion process, we simply cannot generate any sufficient amount ofφ in the given time.
V. CONCLUSIONS
Dark matter can be stabilized by a CP symmetry -provided it is a symmetry of an order higher than 2 and it is preserved by the vacuum. CP4 3HDM, the three-Higgs-doublet model featuring CP symmetry of order 4, is the simplest framework producing such DM candidates [26] . Due to the unavoidable mass degeneracy [27] , the DM sector contains two stable complex fields ϕ andφ, which are CP4 eigenstates but which are not particle and antiparticle of each other.
It is a key consequence of CP conservation of this model that ϕφ can annihilate into SM fields, while ϕϕ andφφ cannot. However, these two pairs can turn into each other, ϕϕ ↔φφ, and this conversion process can strongly affect the DM evolution. It offers a rare example of a DM model in which self-interaction in the dark sector can significantly affect the cosmological observables and, therefore, can be constrained.
These considerations led us to investigate the asymmetric DM regime, in which some asymmetry between ϕ andφ is generated at T ∼ m by a mechanism external to CP4 3HDM. The presence of conversion process makes this model clearly different from the more conventional asymmetric DM models [29] [30] [31] [32] . The questions we wanted to answer included: does the asymmetry survive in the presence of conversion? Is the final asymmetry large or small? What is the role of the initial conditions and of the physical processes? In the strongly asymmetric case, can this model produce an observable indirect detection signal through the two-stage conversion-then-annihilation process?
To answer them, we presented a detailed analytical and numerical analysis of the system of coupled Boltzmann equations, without and with conversion. For the numerical analysis, we wrote our own code since the existing packages are incapable of dealing with this model. We found that the relative asymmetry δ first sharply drops from its initial value, driven by the conversion process. When conversion effectively switches off, the relative asymmetry enters the recovery stage, and finally freezes out, either at some small value δ(∞) 1, implying n(φ) ≈ n(ϕ), or very close to 1, which means r = n(φ)/n(ϕ)
1. We established the boundary between the two regimes and showed how it depends on the initial conditions and on the intensity of the conversion process. In particular, we established that, in order for the asymmetry to recover to sizable values, the conversion cross section must be several orders of magnitude smaller than the annihilation one.
We also checked the intensity of the ID signal in both regimes and found that the expected signal is much smaller than in the symmetric DM scenario. Although it does not offer a novel observational signature of this model, it may help to resurrect scenarios in which one would normally expect a very strong ID signal in the usual symmetric DM case.
We stress that we did not aim to perform a systematic scan of the parameter space of CP4 3HDM. Rather, we wanted to investigate the phenomenon itself. We believe that qualitative features of the thermal DM history found in this model can arise in other models with the conversion processes competing with annihilation. 
